Abstract. We prove a Dirichlet theorem for polynomial rings: Let F be a pseudo algebraically closed field (i.e., each nonempty variety defined over F has an F -rational point). Then for all relatively prime polynomials a(X), b(X) ∈ F [X] and for every sufficiently large integer n there exist infinitely many polynomials c(X) ∈ F [X] such that a(X) + b(X)c(X) is irreducible of degree n, provided that F has a separable extension of degree n.
Introduction
The classical theorem of Dirichlet states that for two relatively prime integers a and b there are infinitely many primes of the form a + bc, where c ∈ Z. Kornblum, a student of Landau, gave an analog [Kor19] of this theorem for polynomial rings over finite fields. Artin refined Kornblum's result and proved: Let a(X), b(X) be relatively prime polynomials over a finite field. Then for every sufficiently large integer n there exists an irreducible polynomial a(X) + b(X)c(X) of degree n [Ros02, Theorem 4.8]. Dirichlet L-series play a central role in the proofs of these theorems.
The principal result of this manuscript is a Dirichlet theorem for polynomial rings over of a large class of fields, namely fields which have a non-separably closed Pseudo Algebraically
Closed (PAC) extension (see definition and examples below):
Theorem A. Let M/F be a PAC extension. Then for all relatively prime polynomials a(X), b(X) ∈ F [X] and for every sufficiently large integer n there exist infinitely many polynomials c(X) ∈ F [X] such that a(X) + b(X)c(X) is irreducible over M of degree n, provided that M has a separable extension of degree n.
A field F is called PAC if every nonempty variety defined over F has an F -rational point. All the varieties in this manuscript are assumed to be absolutely irreducible. A generalization of this notion is made in [JR94] -A field extension M/F is called PAC extension if for every nonempty variety V of dimension r defined over M and for every dominating separable rational map ϕ : V → A r over M there exists a ∈ V (M) such that ϕ(a) ∈ F r . In Section 3 Theorem A is proved and some non-trivial examples of PAC extensions are presented. For example, if F is a PAC field, taking M = F in the theorem yields: For all relatively prime polynomials a(X), b(X) ∈ F [X] and for every sufficiently large integer n there exist infinitely many polynomials c(X) ∈ F [X] such that a(X)+b(X)c(X) is irreducible over F of degree n, provided that F has a separable extension of degree n. Many examples of PAC fields appear in the literature (the book [FJ05] contains an excellent discussion of PAC fields).
A Dirichlet theorem for polynomial rings is, in fact, implied from an "irreducibility theorem": A field F is called Hilbertian if for every irreducible polynomial
there exist infinitely many α ∈ F with f (X, α) irreducible. The name Hilbertian derives from the classical Hilbert's irreducibility theorem [Hil92] which states that Q possesses this property. Let F be a Hilbertian field. Then, given two relatively prime polynomi-
To get a higher degree polynomial, one can repeat the argument with f (X, c(X)Y ) = a(X) + b(X)c(X)Y , for any polynomial c(X) with gcd(a(X), c(X)) = 1.
PAC fields have, in a sense, an "irreducibility theorem" (cf. [FJ05, Lemma 24.1.1]). In Section 1 we strengthen a special case of this result and extend it to PAC extensions instead of PAC fields. Roughly speaking, for a PAC extension M/F we show that, under some reasonable assumptions, if f (X, Y ) is an irreducible polynomial defined over M and if the splitting field of f (X, Y ) over M(Y ) is regular over M, then there exist infinitely many specialization of Y to α ∈ F such that f (X, α) remains irreducible (but the Galois group of f (X, α) over M may be smaller than the Galois group of f (X, Y ) over M(Y )).
In Section 2 we consider polynomials f (X, Y ) = a(X) + b(X)Y over an arbitrary infinite field and prove Theorem B. Let F be an infinite field with an algebraic closureF and let f (X, Y ) = a(X) + b(X)Y ∈ F [X, Y ] be an irreducible polynomial. Then for every sufficiently large integer n there exists c(X) ∈ F [X] such that f (X, c(X)Y ) = a(X)+b(X)c(X)Y is irreducible of degree n in X and the Galois group of f (X, c(X)Y ) overF (Y ) is S n .
This theorem establishes the conditions needed for the "irreducibility theorem" discussed before.
In the context of this manuscript it is an interesting fact that infinite extensions of finite fields are PAC fields. (This follows from the Riemann hypothesis for curves over finite fields, see [FJ05, Corollary 11.2.4].) Therefore, Theorem A for these particular fields is an extension of the classical Dirichlet theorem. Moreover, the irreducible polynomials a(X) + αb(X)c(X) are given explicitly up to the factor α. This factor is a point on some variety and is given by Riemann hypothesis for curves over finite fields. However this special case follows from the classical Dirichlet theorem.
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Field crossing argument
We begin by fixing the notation. Let F be an infinite field, F [X] be the polynomial ring over F , andF some fixed algebraic closure of F . The absolute Galois group of F is denoted by Gal(F ), i.e., Gal(F ) = Aut(F /F ). we let y denote a transcendental element over F . For a polynomial a(X) ∈ F [X] we write a ′ (X) for its derivative. We also abbreviate "∃N ∈ N∀n > N" and write "for large n".
overF . If, in addition, the Galois groups of f (X, y) over F (y) and overF (y) are equal, then f (X, y) is said to be X-stable over F . A polynomial f (X, y) is X-stable if and only if it is irreducible and its splitting field over F (y) is regular over
Examples. 1. Every absolutely irreducible polynomial f (X, y) which is Galois over F (y) is X-stable over F .
2. (M. Jarden) If an absolutely irreducible polynomial f (X, y) has a simple Galois group G over F (y), then f is X-stable over F , since the Galois group of f (X, y) overF (y) is a normal subgroup of G.
3. The polynomial f (X, y) = X n − y(nX − n + 1) is an explicit example for an Xstable polynomial over Q (and hence over any field with zero characteristic). The
We regard the Galois group of a separable polynomial of degree n as a permutation group via its action on the roots of the polynomial. In a similar way, for a separable extension, say K/F , of degree n with Galois closureK, the Galois group G = Gal(K/F ) permutes the cosets of Gal(K/K) in G. Thus, we consider G as a permutation group. The next proposition strengthen a special case of [FJ05, Lemma 24.1.1].
be an X-stable polynomial over M of degree n in X, and let N/M be a separable extension of degree n with Galois closureN. Assume that there is an embedding of permutation groups
. Then there exist infinitely many α ∈ F such that f (X, α) is irreducible over M and N is generated by a root of f (X, α) over M.
Remark. The assumption on the Galois groups is necessary. Indeed, Gal(N/M) is isomorphic as a permutation group to Gal(f (X, α), M) which is a subgroup of Gal(f (X, y), M(y)) (for all but a finite number of α's).
Proof. Set A = Gal(N/M) and A 0 = Gal(N /N). Let E be the splitting field of f (X, y)
over M(y) and write G = Gal(f (X, y), M(y)) = Gal(E/M(y)) and ν : A → G. Let x ∈ E be the root of f (X, y) which corresponds to the coset A 0 . The subgroup A 0 is the stabilizer of the coset A 0 in A, hence ν(A 0 ) is the stabilizer of x in ν(A). Let E ′ be the fixed field of
Next, using the so called "field crossing argument" (see [FJ05,  Chapter 24]), we find below infinitely many suitable specializations of y to α ∈ F :
The polynomial f (X, y) is X-stable over M, hence E is a regular extension of M. Therefore, by Galois theory, we have
Let D be the fixed field of the diagonal subgroup, 
To complete the proof we need to find infinitely many α ∈ F as above. This is done by the 'Rabinovich trick', that is, we replace R by the localization of R at
If the Galois group of a polynomial f (X, y) of degree n in X overM (y) is the symmetric group S n , then evidently f (X, y) is X-stable. Therefore we get Corollary 2. Let M/F be a PAC extension, let f (X, y) ∈ M[X, y] be a polynomial of degree n in X, and let N/M be a separable extension of degree n. Assume that the Galois group of f (X, y) overM (y) is S n . Then there exist infinitely many α ∈ F such that f (X, α) is irreducible over M and N is generated by a root of f (X, α) over M.
Polynomials over infinite fields
This section begins with three technical auxiliary lemmas about polynomials over infinite fields. Next, a criterion for a transitive group to be the symmetric group is established. Finally, we prove Theorem B.
2.1. Technical background. The following result is a special case of Gauss' Lemma. of degree d and separable
Proof.
Here, h i,1 is relatively prime to b i , since a and p i are. Also, using (1) with i = 2 and (2) with i = 1, we get
Thus h 1,1 is relatively prime to p 2 , since b and c 2 are (the latter follows from (1) with i = 2). Similarly, h 2,1 is relatively prime to p 1 . Take c =c + p 1 p 2 s for some s ∈ F [X]. Then, for h i = h i,1 − b i p 3−i s we have
To conclude the proof we have to choose s ∈ F [X] such that h 1 and h 2 are separable, bp 3−i s, ap i (for i = 1, 2) to get a finite set S ⊆ F such that for each α ∈ F S the polynomial h i,1 + αbp 3−i s is separable and relatively prime to ap i . Without loss we may assume that α 1 , α 2 ∈ F S (otherwise replace s with αs where α = 0 and α i α ∈ F S). Then,
For the main result of this section we need a criterion for a transitive group S n to be the symmetric group.
Lemma 6. Let A ≤ S n be a transitive group and let e ∈ N such that n > e > n 2 and gcd(e, n) = 1. Then, if A contains an e-cycle, then A is primitive. Moreover, if A contains also a transposition, then A = S n .
Proof. Without loss we may assume that σ = (1 2 · · · e) ∈ A. Let ∆ = {1, . . . ,n} be a block for A. The group A is transitive, so without loss we may also assume that 1 ∈ ∆.
Since |∆| divides n, it follows that n 2 ≥ |∆|. Then, {1, . . . ,e} ⊆ ∆, so ∆ = σ∆. For x > e, σ(x) = x. Therefore, since ∆ ∩ σ∆ = ∅, we get that ∆ ⊆ {1, . . . ,e}. Then ∆ is a block of σ , hence |∆| divides e. Since gcd(e, n) = 1 we get that |∆| = 1. Consequently, A has only trivial blocks, that is A is primitive.
A primitive group that contains a transposition equals to S n [DM96, Theorem 3.3A] and the assertion follows.
Lemma 7. Let m > 0 be an integer. Then for large n and for every prime p there exists e ∈ N such that n − m > e > n 2 and gcd(e, np) = 1.
Proof. By the Prime Number Theorem there are at least two different primes in the segment ( n 2 , n − m) for large n. The assertion is then follows with a prime e ∈ ( n 2 , n − m) different from p.
Remark. In the previous lemma we did not discuss how large is 'sufficiently large'. Using a concrete estimate on π(x), such asČebyšev's estimate [Nar00, Page 113], one can readily show that the lemma is true for any n ≥ N, for N which is linearly dependent in m.
Also, one can prove this lemma purely elementarily using the Euler function.
The following lemma is very well known.
The succeeding lemma slightly generalizes [Tur95, Lemma 3.4]. The proof of the generalization is essentially the same as the original proof. For the sake of completeness we bring the modified proof here.
Lemma 9. Let F be an algebraically closed field. Let f (X, y) = a(X) + b(X)y ∈ F [X, y] be an irreducible polynomial. Assume that e 1 , . . . ,e r are not divisible by char(F ) and e 1 , . . . ,e r are the multiplicities of the roots of f (X, α) ∈ F [X] for some α ∈ F . Then, the Galois group of f (X, y) over F (y) contains an element of cycle type (e 1 , . . . ,e r ).
Proof. Let K = F ((y)) be the field of of formal Laurent series in y with coefficients in F and let e = lcm(e 1 , . . . ,e r ). It is sufficient to show that Gal(f (X, y e + α), F (y e + α)) has an element of the desired cycle type.
Let γ 1 , . . . ,γ r be the roots with multiplicities e 1 , . . . ,e r of f (X, α).
. The polynomial f (X, y) is irreducible, hence a(X) and b(X) are relatively prime (Lemma 3).
Therefore the Laurent expansion of R(X)
For every i we choose β i ∈ F with β e i i = −1/b i . Let ζ be a primitive e-th root of unity in F . By Lemma 8 for every i and j there is η ij = γ i + β i ζ je/e i y e/e i + · · · ∈ K such that R(η ij (y)) + y e + α = 0. Consequently, K contains e 1 + · · · + e r = n different roots, η ij , of R(X) + y e + α, i.e., of f (X, y e + α). The automorphism σ of K which maps k c k y k onto k c k ζ k y k fixes F (y e + α) and σ(η ij (y)) = η i,j+1 (y) for all i, j; hence σ induces a permutation of the roots that has cycle type (e 1 , . . . ,e r ).
In the case (e 1 , . . . ,e r ) = (2, 1, . . . , 1) Fried and Jarden [FJ76, Lemma 2.1] gives a stronger result than the previous lemma:
Lemma 10 (Fried-Jarden). Let F be algebraically closed field and let f (X, y) ∈ F [X, y] be a separable irreducible polynomial. Assume that there exists α ∈F such that f (X, α) = (X − γ) 2 h(X), where h is a separable polynomial and h(γ) = 0. Then, the Galois group of f (X, y) overF (y) contains a transposition.
Proof of Theorem B.
Let f (X, y) = a(X) + b(X)y ∈ F [X, y] be an irreducible polynomial. For large integer n we need to find c(X) ∈ F [X] such that f (X, c(X)y) = a(X) + b(X)c(X)y is irreducible of degree n and the Galois group of f (X, c(X)y) overF (y) is S n .
Lemma 7 with m = max{deg a(X), 2 + deg b(X)} and p = char(F ) gives, for large n, a positive integer e such that
e > n 2 , and (4) gcd(e, char(F )n) = 1. (5) (If charF = 0, then (5) becomes gcd(e, n) = 1.) Also, for large n we have n > deg a(X). (6) Let α ∈ F {0, 1} and let γ 1 , γ 2 ∈ F be distinct elements which are not roots of a(X)b(X).
By Lemma 5 (with a, b, p 1 = (X − γ 1 ) e , p 2 = (X − γ 2 ) 2 , α 1 = 1, and α 2 = α) and by (3),
Here h 1 (X), h 2 (X) ∈ F [X] are separable polynomials which are relatively prime to (X − γ 1 )a(X), (X − γ 2 )a(X) respectively. It follows that c(X) is also relatively prime to a(X).
By Lemma 3 and by (6), the polynomial f (X, c(X)y) = a(X) + yb(X)c(X) is irreducible and deg X f (X, c(X)y) = deg b(X) + deg c(X) = n. By (5), (7), and Lemma 9 there is an e-cycle in Gal(f (X, c(X)y),F (y)). By (8) and Lemma 10 Gal(f (X, c(X)y),F (y)) contains a transposition. Consequently, Lemma 6 implies that Gal(f (X, c(X)y),F (y)) = S n . Let M/F be a PAC extension and let a(X), b(X) ∈ F [X] be relatively prime polynomials. We need to show that for large integer n there exist infinitely many polynomials c(X) ∈ F [X] such that a(X) + b(X)c(X) is irreducible over M of degree n, provided that M has a separable extension of degree n.
The field F is an infinite field, since M/F is a PAC extension ([JR94, Remark 1.2]), and f (X, y) = a(X) + b(X)y is irreducible (Lemma 3). Thus, by applying Theorem B we get a polynomial c(X) ∈ F [X] such that f (X, c(X)y) is an irreducible polynomial of degree n in X and Gal(f (X, c(X)y),F (y)) = S n . Therefore, the assertion follows from Corollary 2.
Remark. The proof gives a more general result, namely for large n there exists c(X) ∈ F [X] such that every separable extension N/M is generated by a root f (X, c(X)α), for infinitely many α ∈ F . 3.2. PAC extensions. In this section all the known PAC extensions are described. We also give some concrete examples of PAC extensions.
A profinite group is a compact group, hence it is equipped with a normalized Haar measure (see [FJ05, Chapter 18] ). In particular, if K is a field and e is a positive integer, then Gal(K) e is equipped with a normalized Haar measure. Let σ = (σ 1 , . . . ,σ e ) ∈ Gal(K) e be an e-tuple of Galois automorphisms. Then σ denotes the subgroup generated by σ 1 , . . . ,σ e and K s (σ) denotes the fixed field of σ in the separable closure K s of K. The phrase "for almost all" means "for all but a set of measure zero". Razon and Jarden give [JR94] the following examples of PAC extensions:
(i) A PAC field F is a PAC extension of itself.
(ii) Let K be a countable Hilbertian field and let e ≥ 1. Then, for almost all σ ∈ Gal(K) e the extension K s (σ)/K is PAC.
(iii) Let L/K be a PAC extension and let F/K be an algebraic extension. Then F L/F is a PAC extension. (iv) Separably closed field is PAC over any subfield.
So far these are all the known PAC extensions. One should note that there are restrictions on PAC extensions, e.g., there is no Galois PAC extension of a finitely generated field, except for the separable closure [BSJ] . In the rest of the section we introduce interesting corollaries of Theorem A.
If F is a PAC field and M = F , we get Corollary 13. Let F be a PAC field. Then for all relatively prime polynomials a(X), b(X) ∈ F [X] and for large integer n there exist infinitely many polynomials c(X) ∈ F [X] such that a(X) + b(X)c(X) is irreducible of degree n, provided that F has a separable extension of degree n.
To avoid repetition, we say that a Dirichlet theorem holds for a polynomial ring F [X] if there exist infinitely many integers n such that for all relatively prime a(X), b(X) ∈ F [X] there exist infinitely many irreducible polynomials of degree n of the form a(X)+b(X)c(X), for some c(X) ∈ F [X].
In a probabilistic sense, a Dirichlet theorem holds for polynomial rings over "many" of the separable extensions of a countable Hilbertian field:
Corollary 14. Let K be a countable Hilbertian field and let F/K be a separable algebraic extension. Assume that the set {σ ∈ Gal(K) e | F K s (σ) = K s } has a positive measure, for some positive integer e. Then, a Dirichlet theorem holds for F [X].
Proof. By (ii) and (iii), the extension F K s (σ)/F is PAC for almost all σ ∈ Gal(K) e . Also since F K s (σ) = K s it follows that F K s has finite separable extensions with arbitrarily large index (Remark 12). Therefore the assertions follows from Theorem A.
For almost all σ ∈ Gal(K) e the group σ is isomorphic to the free profinite group on In light of the above corollaries we suggest two open problems:
Problem 17. Let K be a Hilbertian field. Find a classification of all extension F of K such that the measure of {σ ∈ Gal(K) e | F K s (σ) = K s } is positive for some integer e ≥ 1.
Problem 18. Let K be a Hilbertian field. Find a classification of all extensions F of K which have PAC extension which is not separable closed.
Remark. There are fields which do not have any non-separably closed separable extension which is PAC, e.g.Q, R ∩ Q, Q p ∩ Q. In general, if a field is henselian, then it has no separable extension which is PAC other than the separable closure [FJ05, Corollary 11.5.5]. Note that overQ or over R the Dirichlet theorem is obviously not true, since every polynomial of degree greater than two is reducible.
